CHARACTERIZATION OF ^LIKE AND cq-LIKE 
EQUIVALENCE RELATIONS 

LONGYUN DING 

Abstract. Let X be a Polish space, d a pseudo-metric on X. If {{u, v) : 
d{u, v) < 5} is III for each 5 > 0, we show that either {X, d) is separable 
or there are S > and a perfect set C C X such that d{u, v) > S for 
distinct u,v £ C. 

Granting this dichotomy, we characterize the positions of ^p-like and 
Co-like equivalence relations in the Borel reducibility hierarchy. 



1. Introduction 

Let {X, d) be a pseudo-metric space. If X is not separable, by Zorn's 
lemma, we can easily prove that, there are 5 > and a noncountable set 
C C X such that d{u, v) > 6 for distinct u,v £ C. However, if we do not 
assume CH, can we find such a C whose cardinal is of 2^? J. H. Silver 
[To] answered a similar problem for equivalence relations under an extra 
assumption of coanalyticity. 

A topological space is called a Polish space if it is separable and com- 
pletely metrizable. As usual. We denote the Borel, analytic and coana- 
lytic sets by A}, 5]} and Tl\ respectively. For their effective analogues, the 
Kleene pointclasses and the relativized Kleene pointclasses are denoted by 
A}, S}, n}, A];(a), S];(a), n}(a), etc. For more details in descriptive set the- 
ory, one can see [7| and [9]. 

Theorem 1.1 (Silver). Let E be a U\ equivalence relation on a Polish space. 
Then E has either at most countahly many or perfectly many equivalence 
classes. 

In section 2, we use the Gandy-Harrington topology to establish the fol- 
lowing dichotomy. 

Theorem 1.2. Let X he a Polish space, d a pseudo-metric on X. If {{u, v) : 
d{u, v) < 5} is nj for each 5 > 0, then either {X, d) is separable or there are 
8 > Q and a perfect set C C X such that d{u, v) > S for distinct u,v £ C. 

Let X, Y be Polish spaces and E, F equivalence relations on X, Y respec- 
tively. A Borel reduction of E to F is a Borel function 9 : X Y such 
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that {x,y) G £' iff {6{x),6{y)) G F, for all x,y e X. We say that E is Borel 
reducible to F, denoted E <b F, if there is a Borel reduction of E to F. 
If E <B F and F <b E, we say that E and F are Borel bireducible and 
denote E F- We refer to |4] for background on Borel reducibility. 

In section 3, we will introduce notions of £p-like and co-like equivalence 
relations. Granting the dichotomy on pseudo-metric spaces, we answer that 
when is Ei Borel reducible to an ^p-like or a co-like equivalence relation. 
In the end, we compare ^p-like and co-like equivalence relations with some 
remarkable equivalence relations Eq, Ei, Eq . 

(a) For x,y G 2^, {x,y) £ Eq 4^ 3mVn > m{x{n) = y{n)). 

(b) For x, y G 2^^^, [x, y) G £"1 3mVn > m\/k{x{n, k) = y{n, k)). 

(c) For x,y e 2^^^, {x,y) G E^ 4^\fk3m\/n > m{x{n,k) = y{n,k)). 

The following dichotomies show us why these equivalence relations are so 
remarkable. 

Theorem 1.3. Let E be a Borel equivalence relation. Then 

(a) (Harrington-Kechris-Louveau |6]) either E <b id(M) or Eq <b E; 

(b) (Kechris-Louveau [8]) if E <b Ei, then E <b Eq or E r^B Ei; 

(c) (Hjorth-Kechris [5j) if E <b E^ , then E <b Eq or E r^B ■ 



For a n} equivalence relation E onX, let us consider the following pseudo- 
metric on X: 



From Silver's theorem, we can see that either is separable or there is a 
perfect set C C X such that dE{u,v) = 1 for distinct u,v G C. 
By the same spirit of the Silver dichotomy theorem, we define: 

Definition 2.1. Let X be a Polish space, d a pseudo-metric on X. If 
{{u,v) : d{u,v) < 6} is Yl\ for each 6 > 0, we say d is lower Yl\. 

For a pseudo-metric space {X,d) and 5 > 0, we say {X,d) is 5-separable 
if there is a countable set S" C X such that 



Hence {X, d) is separable iff it is (5-separable for arbitrary 5 > 0. 

Theorem 2.2. Let X be a Polish space, d a lower IlJ pseudo-metric. Then 
for (5 > 0, either (X, d) is 5-separable or there is a perfect set C Q X such 
that d{u,v) > 6/2 for distinct u,v G C. 

Proof. We denote Q = {{u,v) : d{u,v) < 6} and R = {{u,v) : d{u,v) < 
6/2}. We see that both Q,R are U\. 

Then the theorem follows from the next lemma. □ 

Lemma 2.3. Let X be a Polish space, Q,RQ X^. Assume that 



2. Separable or not 




{u,v) G E, 
{u,v)iE. 



Vn G X3s G S{d{u,s) < 6). 
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(i) Q is III and R is o"(Sj;) (the a-algebra generated by the Xlj; sets); 

(ii) A{X) = {(u,u) : u E X} contains in Q; 

(iii) if there exists v £ X such that {v, u) € R, {v, w) G R, then (u, w) G 
Q. 

Then one of the following holds: 

(a) there is a countable set S X such that Mu S X3s G S{{u, s) G Q); 

(b) there is a perfect set C ^ X such that (n, v) ^ R for distinct u,v £ C. 

Proof. We follow the method as in Harrington's proof for Silver's theorem. 

Without loss of generality we may assume X = and Q £ The 
proof for Q G n}(a) with a G is similar. Let r be the Gandy-Harrington 
topology (the topology generated by all sets) on N^. 

For u E X we denote Q{u) = {v G X : {u,v) £ Q}. First we define 

V = {u € X : there is no A\ set U such that u G U ^ Q{u)}. 

If y = 0, since there are only countably many A\ set, we can find a 
countable subset S" C X which meets every nonempty A} set at least one 
point. For each u £ X there is a nonempty A} set U C Q{u). Let s G SCiU. 
Then s G Q{u), i.e. {u,s) G Q. 

For the rest of the proof we assume ^ 7^ 0. Note that 

u£V ^ VC/ G A\{u £U ^3v eU(v Q{u))). 

With the coding of A\ sets (see 0] Theorem 1.7.4), there are n} subsets 
P+, C N X and D C N such that 

(1) Vn G P>Vti((n,n) G P+ 4^ (n,n) ^ P"); 

(2) for any A} set A there is n G -D such that yu{u G A <^ {n,u) G P^)- 
Thus we have 

ueV Vn((n G D, (n, n) G P+) ^ 3t;((n, v) ^ P' , (n, ?;) ^ Q)). 

So y is S{. 

By a theorem of Nikodym (see [7] Corollary 29.14), the class of sets with 
the Baire property in any topological space is closed under the Suslin oper- 
ation. It is well known that all Yi\ sets are results of the Suslin operation 
applied on closed sets in the usual topology (see Theorem 25.7). Note 
that all closed sets in usual topology are also closed in r, we see that every 
(T(Sj;) subset of (or x N^) has Baire property in r (or r x r). 

Toward a contradiction assume that for some v (zV, R{v) is not r-meager 
in V. Since R{v) has Baire property in r, there is a nonempty T,\ set U <ZV 
such that R{v) is r-comeager in U. By Louveau's lemma (see [9] Lemma 
9.3.2), R{v) X R{v) meets any nonempty Sj; set in U x U. We denote 
= (M^ X N^) \ Q. If ^Qr\{U xU)^ 0, since it is Sj, we have 

{R{v) X R{v)) n^Qn{u xU) ^di, 
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which contradicts to clause (iii). Thus we have U x U Q Q. We define W 
by 

w gW Vn(n €U ^ {u,w) e Q). 

Fix a uo € U. We can see that W is 11} and U C W C Q{uo). By the 
separation property for E} sets there is Uq € A\ such that U C Uq C W. 
Then we have uq £ Uq CI Q(uo), which contradicts uq £ U CV. Therefore, 
R{v) is T-meager in V for each v (zV. 

Since R has Baire property in r x r, by the Kuratowski-Ulam theorem 
(see |7| Theorem 8.41), i? is r x r-meager m V x V. By the definition of 
V and clause (ii), we see that V contains no A} real, i.e. V has no isolate 
point in r. Since the space with r is strong Choquet (see [1] Theorem 
4.1.5), y is a perfect Choquet space. From [7] Exercise 19.5, we can find a 
perfect set C C.V such that {u, v) ^ R for distinct u,v € C. □ 

3. Characterization 

The notion of £p-like equivalence relation was introduced in [2]. 

Definition 3.1. Let (X„, dn), n G N be a sequence of pseudo-metric spaces, 
p>l. We define an equivalence relation E{{Xn, dn)n<^N', p) on HneN"'^" ^y 

(x,y) G E{{Xn,dn)neN;p) ^^dn{x{n),y{n)Y < +oo 

nGN 

for x,y e rineN^ri,- We call it an ip-like equivalence relation. If (^Xn,dn) — 
{X,d) for every n G N, we write E{{X,d);p) = E{{Xn,dn)n€N]p) for the 
sake of brevity. 

If X is a separable Banach space, we have E{X;p) = X^/£p{X) where 

£p{X) is the Banach space whose underlying space is {x G X^ : X^nGN IT < 

i_ 

+00} with the norm ||x|| = (X^neN 11^) • Then E(X;p) is an orbit 

equivalence relation induced by a Polish group action, thus Ei E{X;p) 
(see [1] Theorem 10.6.1). 

Let {X, d) be a pseudo-metric space, we denote 

5{X) = inf{(5 : X is (5-separable}. 

Theorem 3.2. Let X„, n G N 6e a sequence of Polish spaces, dn a Borel 
pseudo-metric on X^ for each n and p > 1. Denote E = E{{Xn,dn)neN]p)- 
We have 

(i) EneN^i^nY <+'^ ^ E <B E{co;p); 

(ii) EnemSiXnT = +00 ^ i^i <B E. 

Proof. Because Ei ^b E{co]p), we only need to prove (=^) for (i) and (ii). 

(i) By the definition of 5{Xn), we see that X„ is {5{Xn) + 2~"')-separable, 
i.e. there is a countable set Sn C X„ such that 



Vn G Xn3s G 5„(d„(tx, s) < 5(X„) + 2""). 
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Let Sn = {s^ : m € N}. Without loss of generality, we assume that 
(i„(s^,s") > for A; 7^ Z, i.e. dn is a metric on Sn- For u G X we de- 
note m{u) the least m such that d{u,s^) < 6{Xn) + 2~". Then we define 
hn : X„ — )• by /in(M) = s^{u) u € X. It is easy to see that /i„ is Borel. 
Define 6 : UneN UneN by 

6{x){n) = hn{x{n)) 
for X € HngN"'^"- Note that for each x we have 

Y,dn{x{n),e{x){n)f < j;(<5(X„)+2-"f < 2^-^ ^(5(X„)p+2-"P) < +oo, 

neN neN neN 

i.e. {x,9{x)) G It follows that {x,y) £ E {6{x),6{y)) € E. Hence 

<B E{{Sn,dn)n&'N',P)- 

Note that each {Sn,dn) is a separable metric space. From Aharoni's 
theorem [1], there are K > and Tn : Sn ^ cq satisfying 

dn{u,v) < \\Tn{u) -Tn{v)\\c„ < Kdn{u,v) 

for every u,v G Sn- Define 9i : OneN 'S'n ^ Cq by 

^i(x)(n) =r„(x(n)) 
for x € nneN"^"- -1^* check that is a Borel reduction of 

E{{Sn,dn)neN;p) to E{cQ]p)- 

(ii) Without loss of generality, we may assume that (5(X„) > for each n. 
Select a sequence < (5„ < (5(X„), n € N such that X^neN'^'^ ~ +00. Thus 
we can find a strictly increasing sequence of natural numbers (nj)jgN such 
that no = and 

'^^>2^ i = o,i,2,... . 

n=nj 

Since {X^dn) is not 5„-separable, from Theorem 12.21 there is a Borel 
injection g'„ : 2^ — Xn such that dn{gn{ci) , gn{P)) > <5n/2 for distinct a, /3 G 
2^. Define ^:(2T^nneN^n by 

'd{x){n) = gn{x{j)), Uj < n < nj+i- 

For each x,y G (2^)^, if x{j) / y(j) for some j G N, we have 

rij+i-l nj+1-1 nj+i-l 

^ dnimin),Hy)in)r = Yl dni9nixij)),gn{yijW > Y^^n/^Y > 1- 

n=nj n=nj n—rij 

Therefore 

{^{x),{}{y))GE 

^ Ejm TTr^^n'' dnm.x),mr < +00 

3kyj > k{x{j) = y{j)) 
^ {x,y)eEi. 

Thus "!? witnesses that Ei <b E. □ 
Co-like equivalence relations were first studied by I. Farah [3]. 
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Definition 3.3. Let dn), n G N be a sequence of pseudo-metric spaces. 
We define an equivalence relation E{{Xn,dn)n€^',0) on HneN-^" 

{x,y) e E{{Xn,dn)neN;0) <S=^ lim dn{x{n),y{n)) = 

n— >-oo 

for x,y G HnGN"'^"- ^® ^^^^ '^^ ^ CQ-like equivalence relation. If = 
{X,d) for every n G N, we write E{{X,d);0) = E{{Xn,dn)neN',(i) for the 
sake of brevity. 

Farah mainly investigated the case named CQ-equalities that all (X„,d„)'s 
arc finite metric spaces and denoted it by D((X„,d„)). 

Theorem 3.4. Let X^, n & N be a sequence of Polish spaces, dn a Borel 
pseudo-metric on Xn for each n. Denote E = E{{Xn,dn)nGn]0). We have 

(i) lim„^oo<^(^n) = ^ E<B R^/co; 

(ii) {S{Xn))neN does not converge to <^=^ Ei <b E. 

Proof. Wc closely follows the proof of Theorem 3.2. Some conclusions will 
be made without proofs for brevity, since they follow by similar arguments, 
(i) Note that for each x we have 

lim dn{x{n),e{x){n)) = lim + 2"'^) = 0, 

71— >00 71— >00 

i.e. ix,9{x)) G E. It follows that {x,y) e E ^ {9{x),9{y)) G E. Hence 

E <B E{(Sn, dn)neN', 0). 

Fix a bijection (•,-): N. We define 62 : IlneN ^ by 

92{x){{n,m)) = Tn{x{n)){m) 

for X G HneN and n, rn G N. It is easy to see that 62 is Borel. 

Now we check that 92 is a reduction. 

For every x,y e HneN'^'n' if i^^v) € E{{Sn, dn)n£N;0), then 

lim dn{x{n),y{n)) — )■ 0. 

So Ve > 03iVVn > A^(d„(x(n), y(n)) < e). Since ||T„(x(n)) - T„(y(n))||co < 
Kdn{x{n),y{n)) < Ke, we have 

Vn > A^Vm(|r„(x(n))(rn) - r„(y(n))(m)| < Ke). 

For n < N, since Tn{x{n)),Tn{y{n)) G cq, we have 

lim |r„(x(n))(m) - T„(y(n))(m)| = 0. 

m— >oo 

Therefore, for all but finitely many (n,m)'s, we have 

\e2{x){{n,m)) - 92{y){{n,m))\ = \Tn{x{n)){m) - Tn{y{n)){m)\ < Ke. 
Thus 

lim \92{x){{n,m)) - 92{y){{n,m))\ = 0. 

(ri,m)— >oo 

It follows that 92{x) — ^2(2/) & cq. 

On the other hand, for every x, y G IlneN '^n, if ^2(2;) — ^2(2/) € cq, then 

Ve > 03A^Vn > Nym{\92{x){{n,m)) - ^2(y)((n,m))| < e). 
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Therefore, for n > N we have 

dn{x{n),y{n)) < ||r„(x(n)) - r„(y(n))||co 

= sup \Tn{x{n)){m) - r„(y(n))(m)| 

mGN 

= sup \e2{x){{n,m)) - 92{y){{n,m))\ < e. 

mgN 

It fohows that G E{{Sn,dn)nm;0)- 

To sum up, we have E <b E{{Sn-,dn)n&]]^) <_B M^/cq. 
(ii) Assume that {5[Xn))n&i does not converge to 0. Then there are 
c > and a strictly increasing sequence of natural numbers (nj)^^^ such 
that 5{Xnj) > c for each j. From Theorem 12.21 there is a Borel injection 
g'j : 2^ Xn^ such that dn^{g'j{a), g'j{^)) > c/2 for distinct a,/3 G 2^. Fix 
an element a„ G X„ for every nGN. Define -d' : (2^)^ DnsN '^^ 

I On, otherwise. 
Then witnesses that Ei <b E. □ 

4. Further remarks 

The following condition was introduced in [2j to investigate the position 
of £p-like equivalence relations. 

(^1) Vc > 03x,y G rineN"'^" such that \/n{dn{x{n),y{n)Y < c) and 

dn{x{n),y{n)Y = +oo. 

nGN 

Let n G N be a sequence of Polish spaces, dn a Borel pseudo-metric 
on Xn for each n and p > 1. Denote E = E'((X„, (i„)„gN;p). It was proved 
in p] that 

(i) if {a) holds, then R^/^i <ij ^; 

(ii) if (£1) fails, then either <b E,E Eq or E is trivial, i.e. all 
elements in HnGN -^n are equivalent. 

Thus we have a corollary of Theorem 13.21 

Corollary 4.1. Denote E = E{{Xn,dn)neN',p)- We have 

(a) "^neN^^-^riy < +00 and (£1) fails <^=^ E ~s Eq or E is trivial; 

(b) EnGN'^(^nF < +00 and (il) holds ^ R^/ii <B E <B E{co;p); 

(C) EnGN'^l^nF = +00 ^ i^i <B E. 

Another condition was introduced by I. Farah [3] for investigating cq- 
equalities. 

(*) Vc > 03e < c(e > and 3°°i3ui,Vi G Xi{e < di{ui,Vi) < c)). 

It is easy to check that (*) holds iff for arbitrary c > 0, there exist 
^'2/ ^ HnGN^n such that Vn(d„(x(n),y(n)) < c) and {dn{x{n),y{n)))neN 
does not converge to 0. 

With similar arguments, we get a corollary of Theorem 13. 4[ 
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Corollary 4.2. Denote E = E{{Xn,dn)neN',0). We have 

(a) liuin^oo^iXn) = and (*) fails <;=^ E Eq or E is trivial; 

(b) lim„^oo = and (*) holds E^ <b E <b M^/cq; 

(c) (5(X„))„gN c?oes no^ converge to <;=^ i^i <b E. 
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